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Optimal control appled for

economic stabilization
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From condition{19}we have : p*—-p{ﬂ)aat
~i(33)
Which gives us the possible situations’
as given below:(see also fig.1,2,3,4).
g*=1if p{0)<-1 for all t {32)

-p*b for-1<p{0X0 and T<t, and t&

0,ty] (33)

;s

1 for t€[t,,T]
for-1<p¥0}<0 and T> £,
and- p*b for t€[0,t, )

: —p*b :f‘ior‘ ﬂ<\'p£0)<1 and
temg:ol t2]

-p*b for te[ﬁ,tz.J

for o¢p(0) <I and
T>t,

gg-1forteE2,D

g* = -1 for p(0)=> 1 for all t &

E,rj (35)
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for the set (2., t, is such that :

a2l E Y=

(38}
p* (t)b<-1 for t34

and for the set (34), t, is such thst

p*(ty) b =1 Gn
pr{t) b1 for t >t,
the case g*=0 gives y*(t)=ye A g

that y*(T)=0 requires T=gag, Which we
exclude .

Notice that statements (33)and
{34) would eventually give policies in
two phases that would result in some
control expenditure saving . IHdeed in
these cases the contrel variable
magnitude reaches its highest possi-
ble values(-1 or -1 ) only after a
certain time, and for a part only, of
the stabilization time , unlike the tang
" bang-bang stabilization policy where
the policy variable is equal to one
(or the other ) of its constraint
boundaries during all the stabili -
zation horizon. We already get here
some feeling about the importance of
the timing of a policy in économic
stabilization. Indeed statements (33)

and $34) would tell us when and for

how long which policy should be used.

d . ¥he Optimal Policy :

In this psragraph we will
try to see which policy, among the
possible ones, is optimal for each
pessible situation of the initial state
y{0} {positive or neagative } In other
words we shall see which policy (or
policies } would transfer positive
initial states to the origin and which
would tramsfer negative initial states
of the économy . We shall do this intiks
following way :

d.1 Case : g* =1

¥hen g* = 1
y*(t) = Yg © =8k calre =ty
(38)
which vanishes only when y <o since by0.
But y<o implies y(t)
negative which tells us that the con-
trol g*(t) = 1 can do the job only when

y(t)<O .

d . 2.Case: g*=-1

Similarly {,it can be shown
that the policy g* =-1 can transfer only
positive(initial)states of the économy

to the origin .

d.3. Case: g*=-p*b, T<tor t €(0,T)

As can easily be shown,this

policy cando the jobonly for y(t) nega-

tive . Wheny($) is positive, the policy



§*=°p*§j <ty can be used . sioce y{t) €0 and a{T-t}is decreasing s

d. 4 .Case: s tpl

from all the above results we

{ -p*b for t €(o,t, Jand fof ~1¢plo)g deduce :
\} o, Tt, ( 1 ife b/a{ea“‘t1)-1)gy(t3<
g*_._,{ % a, tét,’
{3 B welt, T:f (39) (44)
g*=

for t€lt, Gthat is fortzt,we have A
~p*d if y(t)¢=— b/ale 1

£,
y*(t):yne_ P be™ 2% { j K P dt + 1)< 4 t <t1
% g
t
at 4y ¢ ( d.5 Case/
e % ;t.‘ {40) Bl o)
t; :
-p*b for te}o,t
where K= -bp(0) >0. E 0 E[ b2 ]
when y* (T)=0 is imposed one ends up g*=9 and when 0 p(0) 1,T_t, (45)
ol v -1 for tEt,, 1]
yt)=-p(e®(T-8 43 @n
3 We then have :
Which shows that y {t) is négative since (1-t.)
-p*b if —b/ale® T 2’-1) ¢ y(t)
b is positive and ea(?-t))& fort>0 4
a ; t(tz
*= ' (46)
and t € {:t,‘,TJ q :

-1 if 0<y(t)¢—b/a(e®=t2) 1),
Remember that équation (41) is valid
t> t,
for t_ét.‘ so that we can write :

: (l)=___:b e (ea (T-t) 2 Combining all cases together
We get the following optimal control
g k5 t1 (42) strategy:
and
y)>_-b/a 6* T 1) ropby,
w ot t, (43)




A== = 2 {T=t.)
(-p*i) for y(t)p—b/a et 2)——’1 >0

al Tt )
~%1 for G(y(t}_{———b/aezd“ Y94

g¥=4 {47}
/i T A
!~p*b for y{t)<—b/a %a\? tzv*w%:u
A for —b/a et )1 y<o

CONCLUSION

The apove resulis,and more speci-~

fically expressions {(44) and(48),show
the strong dependence of the optimal
policy on the choice of the final time.
Depending on the optimal policy can be
totally different .In this later case
the solution is given in a closed-ioop
(feedback) form as g*(t)is now a func-
tion of the state variable y*(t), which
can be very useful for économic stabi-

lization purposes .

The optimal stretegy(47)tells
us,also, about the irade of f between
the stabilization time and the stabili-
zation control. For a minimum time
stabilization policy, we need to apply
a contrel{a bang-bang control )} of the
"strongest" possible value(here either
g*= -1 or g* = +1 ) throughout the
stabilization horizon, while if we are
willing to allow more time to the

économy ‘5 return to its initial équi-

librium we need apply,as strategy(4 )

show, the control g*(t)= 1, for ins~

tance, during part of the stabilization

time only (from t, te T } and the con-

trol g*{t) = -p*b 1 for the rest of ti:
the time . The value of the optimal time

T as well as sweiching times t1and tz

can be derived, by making use of équa-
tion{22) and of the boundary condition

(T} = 0 . Anokher difference with the

prevailingapproach, is that the assumptio

tion of a magnitude constraint on the
control variable gives the possibility
of corner, just as well as, interior
solution. This control constraint,that
does exist in the real world, has also
an effect on thecontrollability* of the
system; this is the reason for the

assumption made after équation (13) .
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